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                \begin{document}$x>0$\end{document}$, the classical Euler's gamma function Γ and psi (digamma) function *ψ* are defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma ( x ) = \int_{0}^{\infty }t^{x-1}e^{-t}\,dt \quad \text{and} \quad \psi ( x ) =\frac{\Gamma^{\prime } ( x ) }{ \Gamma ( x ) }, $$\end{document}$$ respectively. The derivatives $\documentclass[12pt]{minimal}
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                \begin{document}$\psi^{\prime \prime \prime },\dots $\end{document}$ are known as polygamma functions. The gamma function has various important applications in many branches of science. For this reason, scholars strive to find various better approximations for the factorial or gamma function by using different ideas and techniques, for instance, Ramanujan \[[@CR1], p. 339\], Burnside \[[@CR2]\], Gosper \[[@CR3]\], Alzer \[[@CR4]\], Shi et al. \[[@CR5]\], Batir \[[@CR6], [@CR7]\], Mortici \[[@CR8]--[@CR12]\], Nemes \[[@CR13], Corollary 4.1\], \[[@CR14]\], Qi et al. \[[@CR15], [@CR16]\], Feng and Wang \[[@CR17]\], Chen \[[@CR18]--[@CR21]\], Yang et al. \[[@CR22]--[@CR25]\], Lu et al. \[[@CR26]--[@CR28]\], Xu et al. \[[@CR29]\]. Some properties of the remainders of certain approximations for the gamma function can be found in \[[@CR4], [@CR16], [@CR23], [@CR30]--[@CR35]\].

In this paper, we are interested in Windschitl's approximation formula (see \[[@CR36]\]) given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Gamma ( x+1 ) \thicksim W_{0} ( x ) =\sqrt{2 \pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x} \biggr) ^{x/2},\quad\text{as }x\rightarrow \infty . $$\end{document}$$ As shown in \[[@CR21], Eq. (3.18)\], the rate of Windschitl's approximation $\documentclass[12pt]{minimal}
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                \begin{document}$$ W_{1} ( x ) =\sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x}+\frac{1}{810x^{6}} \biggr) ^{x/2} $$\end{document}$$ by an easy check. These show that $\documentclass[12pt]{minimal}
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                \begin{document}$W_{1} ( x ) $\end{document}$ are more accurate approximations for the gamma function. In 2009, Alzer \[[@CR37]\] proved that for all $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x} \biggr) ^{x/2} \biggl( 1+\frac{\alpha }{x^{5}} \biggr) &< \Gamma ( x+1 ) \\ &< \sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x} \biggr) ^{x/2} \biggl( 1+\frac{\beta }{x^{5}} \biggr) \end{aligned}$$ \end{document}$$ with the best possible constants $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma ( n+1 ) \thicksim \sqrt{2\pi n} \biggl( \frac{n}{e} \biggr) ^{n} \biggl[ n\sinh \biggl( \frac{1}{n}+\frac{a_{7}}{n ^{7}}+ \frac{a_{9}}{n^{9}}+\frac{a_{11}}{n^{11}}+\cdots \biggr) \biggr] ^{n/2} $$\end{document}$$ as $\documentclass[12pt]{minimal}
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                \begin{document}$a_{7}=1/810,a_{9}=-67/42525,a_{11}=19/8505, \dots $\end{document}$, and proved that there exists an *m* such that, for every $\documentclass[12pt]{minimal}
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                \begin{document}$x>m$\end{document}$, the double inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl[ x\sinh \biggl( \frac{1}{x}+\frac{1}{810x^{7}}-\frac{67}{42525x ^{9}} \biggr) \biggr] ^{x/2}< \frac{\Gamma ( x+1 ) }{\sqrt{2 \pi x} ( x/e ) ^{x}}< \biggl[ x\sinh \biggl( \frac{1}{x}+\frac{1}{810x ^{7}} \biggr) \biggr] ^{x/2} $$\end{document}$$ holds. An explicit formula for determining the coefficients of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma ( x+1 ) \thicksim \sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x} \biggr) ^{x/2+\sum _{j=0}^{\infty }r_{j}x^{-j}},\quad \text{as }x\rightarrow \infty , $$\end{document}$$ was presented in the same paper \[[@CR19], Theorem 2\].

Let us consider the four new Windschitl type approximation formulas, as $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \Gamma ( x+1 ) \thicksim \sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \biggl( x\sinh \frac{1}{x} \biggr) ^{x/2} \biggl( 1+ \frac{1}{1620x^{5}}-\frac{11}{18{,}900x^{7}} \biggr) =W_{02}^{\ast } ( x ) . \end{aligned}$$ \end{document}$$ The aim of this paper is, by investigating the monotonicity and convexity of the functions $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x\mapsto \ln \Gamma ( x+1 ) -\ln F ( x ),\quad\text{where }F=W_{01},W_{02},W_{01}^{\ast },W_{02}^{\ast }, $$\end{document}$$ to establish some new sharp inequalities between the gamma function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma ( x+1 ) $\end{document}$ and Windschitl's approximation formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W_{0} ( x ) $\end{document}$. As a by-product, a concise proof of Alzer inequalities ([1.4](#Equ4){ref-type=""}) is presented, and a strengthening for Lu et al.'s inequalities ([1.6](#Equ6){ref-type=""}) is given.

The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, three lemmas are given, which are crucial to the proofs of our results. In Sect. [3](#Sec3){ref-type="sec"}, five monotonicity and convexity results for the functions constructed from the gamma function and Windschilt's formula are proved. Some new inequalities between the gamma or factorial functions with Windschilt's formula are established in Sect. [4](#Sec4){ref-type="sec"}. In Sect. [5](#Sec5){ref-type="sec"}, numeric comparisons of several better approximation formulas are presented.

Lemmas {#Sec2}
======

To prove our results, we need three lemmas as follows.

Lemma 1 {#FPar1}
-------
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Proof {#FPar2}
-----

The inequality ([2.1](#Equ12){ref-type=""}) was proved in \[[@CR38], Remark 2.2\].
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                \begin{document}$$ g_{1} ( x ) < g_{1} ( x+1 ) < \cdots < \lim _{n\rightarrow \infty }g_{1} ( x+n ) =0, $$\end{document}$$ which proves the first inequality of ([2.2](#Equ13){ref-type=""}).
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Lemma 2 {#FPar3}
-------
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Lemma 3 {#FPar5}
-------

(\[[@CR39], Lemma 7\])
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Monotonicity and convexity {#Sec3}
==========================

Theorem 1 {#FPar6}
---------
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Proof {#FPar7}
-----
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Theorem 2 {#FPar8}
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                \begin{document} $$\begin{aligned} &f_{11}^{\ast } ( t ) \\ &\quad < \frac{t^{3}}{2t^{2}+\frac{2}{3}t^{4}+ \frac{4}{45}t^{6}+\frac{2}{315}t^{8}}-\frac{3}{2}t+ \frac{1}{2}t^{2}-5t ^{7}\frac{t^{5}+9720}{ ( t^{5}+1620 ) ^{2}} \\ &\quad \quad {}+\frac{1}{30}\frac{t ( 3019t^{4}+8925t^{3}+12{,}705t^{2}+7560t+3780 ) }{ ( t+2 ) ( 60t^{4}+154t^{3}+217t^{2}+126t+63 ) } \\ &\quad =-\frac{1}{30} \\ &\quad\quad {}\times\frac{t^{9}\times f_{12}^{\ast } ( t ) }{ ( t^{5}+1620 ) ^{2} ( t+2 ) ( t^{6}+14t^{4}+105t^{2}+315 ) ( 60t^{4}+154t^{3}+217t^{2}+126t+63 ) } \\ &\quad < 0 \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t>0$\end{document}$, where the inequality holds due to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 3 {#FPar10}
---------
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Proof {#FPar11}
-----
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Theorem 4 {#FPar12}
---------
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Proof {#FPar13}
-----
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                \begin{document} $$\begin{aligned} f_{2}^{\prime \prime } ( x ) &>\frac{7}{30}\frac{ ( 2x+1 ) ( 165x^{4}+330x^{3}+815x^{2}+650x+417 ) }{ 77x ^{6}+231x^{5}+560x^{4}+735x^{3}+623x^{2}+294x+60} \\ &\quad {}+\frac{1}{2x^{3}}\frac{1}{\sinh^{2} ( 1/x ) }-\frac{3}{2x}+ \frac{ 1}{2x^{2}}- \frac{1}{54x^{7}}+ \frac{22}{675x^{9}}=f_{21} \biggl( \frac{1}{x} \biggr) . \end{aligned}$$ \end{document}$$ Making a change of variable $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f_{21} ( t ) &=\frac{7}{30}\frac{t ( t+2 ) ( 417t ^{4}+650t^{3}+815t^{2}+330t+165 ) }{60t^{6}+294t^{5}+623t^{4}+735t ^{3}+560t^{2}+231t+77} \\ &\quad {}-\frac{3}{2}t+\frac{1}{2}t^{2}- \frac{1}{54}t^{7}+ \frac{22}{675}t ^{9}+ \frac{t}{2}\frac{t^{2}}{\sinh^{2}t}. \end{aligned}$$ \end{document}$$ We distinguish two cases to prove $\documentclass[12pt]{minimal}
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This ends the proof. □

Theorem 5 {#FPar14}
---------
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Proof {#FPar15}
-----
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Inequalities {#Sec4}
============

As is well known, analytic inequalities \[[@CR43]--[@CR45]\] play a very important role in different branches of modern mathematics. Using the theorems presented in the previous section, we can obtain some new inequalities for the gamma function and factorial function related to Windschitl's formula.

Corollary 1 {#FPar16}
-----------
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Proof {#FPar17}
-----
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Corollary 2 {#FPar18}
-----------
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The proof of inequalities ([1.4](#Equ4){ref-type=""}) presented by Alzer \[[@CR37]\] seems to be somewhat complicated. With the aid of the first and second inequalities in ([4.1](#Equ18){ref-type=""}), we can give a new and simpler proof.

Proof of inequalities ([1.4](#Equ4){ref-type=""}) {#FPar19}
-------------------------------------------------

The sufficiency for the inequalities ([1.4](#Equ4){ref-type=""}) to hold for $\documentclass[12pt]{minimal}
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The following corollary offers a strengthening for Lu et al.'s inequalities ([1.6](#Equ6){ref-type=""}).

Corollary 3 {#FPar20}
-----------
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Proof {#FPar21}
-----

Clearly, the second and third inequalities of ([4.3](#Equ20){ref-type=""}) follow by the first and second inequalities in ([4.1](#Equ18){ref-type=""}). It remains to prove the first and last inequalities of ([4.3](#Equ20){ref-type=""}).
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\(ii\) To ensure that the first inequality holds, it is necessary to establish $$\documentclass[12pt]{minimal}
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Now the first inequality is equivalent to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{x}{2}\ln \biggl[ x\sinh \biggl( \frac{1}{x}+ \frac{1}{810x^{7}}-\frac{67}{42{,}525x ^{9}} \biggr) \biggr] < \frac{x}{2}\ln \biggl( x\sinh \frac{1}{x} \biggr) +\frac{1}{1620x^{5}}-\frac{11}{18{,}900x^{7}}, $$\end{document}$$ or equivalently, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ h_{4} ( t ) =\ln \biggl[ \sinh \biggl( t+\frac{1}{810}t^{7}- \frac{67}{42{,}525}t^{9} \biggr) \biggr] -\ln ( \sinh t ) - \frac{1}{810}t^{6}+\frac{11}{9450}t^{8}< 0 $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t=1/x\in ( 0,1/x_{0} ) $\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/x_{0}\approx 2.28632$\end{document}$ is clearly the unique zero of the polynomial $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ t_{1}\equiv t_{1} ( t ) =t+\frac{1}{810}t^{7}- \frac{67}{42{,}525}t^{9} $$\end{document}$$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( 0,\infty ) $\end{document}$. In view of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l^{\prime \prime } ( t ) =-1/\sinh^{2}t<0$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} h_{4} ( t ) &=l ( t_{1} ) -l ( t ) - \frac{1}{810}t^{6}+ \frac{11}{9450}t^{8}< ( t_{1}-t ) l^{ \prime } ( t ) -\frac{1}{810}t^{6}+ \frac{11}{9450}t^{8} \\ &= \biggl( \frac{1}{810}t^{7}-\frac{67}{42{,}525}t^{9} \biggr) \frac{ \cosh t}{\sinh t}-\frac{1}{810}t^{6}+ \frac{11}{9450}t^{8} \\ &=-\frac{1}{85{,}050}\frac{t^{6}}{\sinh t} \bigl( 105\sinh t-105t \cosh t+134t^{3}\cosh t-99t^{2}\sinh t \bigr) \\ &=-\frac{1}{85{,}050}\frac{t^{6}}{\sinh t}\sum_{n=3}^{\infty } \frac{4 ( 268n-99 ) ( n-1 ) ( n-2 ) }{ ( 2n-1 ) !}t^{2n-1}< 0, \end{aligned}$$ \end{document}$$ which completes the proof. □

Remark 1 {#FPar22}
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Conclusion {#Sec6}
==========

In this paper, we provide four Windschitl type approximation formulas for the gamma function, and prove that those functions, involving the gamma function and Windschitl type functions, have good properties, including monotonicity and convexity. From these facts we obtain some new sharp Windschitl type bounds for the gamma and factorial functions. These sharp inequalities, together with numerical comparisons, illustrate that $\documentclass[12pt]{minimal}
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                \begin{document}$W_{02} ( x ) $\end{document}$ defined by ([1.9](#Equ9){ref-type=""}) is the best approximation formula among those mentioned in Sect. [5](#Sec5){ref-type="sec"}.

Moreover, we give a simple proof of Alzer's inequalities ([1.4](#Equ4){ref-type=""}), and improve and strengthen Lu et al.'s inequalities ([1.6](#Equ6){ref-type=""}).

It is worth mentioning that our proofs of Theorems [1](#FPar6){ref-type="sec"}--[5](#FPar14){ref-type="sec"} are subtle and interesting, since the approximations deal with the gamma and hyperbolic sine functions, and it is difficult to establish their monotonicity and convexity by usual methods. Evidently, Lemmas [2](#FPar3){ref-type="sec"} and [3](#FPar5){ref-type="sec"} play important roles.
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